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Abstract. We obtain characterizations of positive Borel measures fi on B" so that 
some weighted Hardy-Sobolev are imbedded in LP{dfi), where w is an Ap weight in 
the unit sphere of C". 



1. Introduction 

The purpose of this paper is the study of the positive Borel measures yU on S", the 
unit sphere in C", for which the weighted Hardy-Sobolev space H^iw) is imbedded 
in L^{dfi), that is, the Carleson measures for H^{w). 

The weighted Hardy-Sobolev space H^{w), < s,p < +00, consists of those func- 
tions / holomorphic in B" such that if f{z) = fk{z) is its homogeneous polynomial 

k 

expansion, and (J + RY f{z) = ^^(1 + kY fk{z), we have that 

k 

\\f\\H^{w) = sup + RYfrWlPiw) < +00, 

0<r<l 

where /,(C) = /«). 

We will consider weights w in Ap classes in S", 1 < p < +00, that is, weights in 
S" satisfying that there exists C > such that for any nonisotropic ball -B C S", 
fi = fi(C,r) = {r/GS"; \l-Cr]\<r}, 



1 f . \ / 1 



-1 



wda —— / wp-^da < C 



\B\ Jb J JB 
where a is the Lebesgue measure on S" and \B\ the Lebesgue measure of B. We will 

n 

use the notation Cj] to indicate the complex inner product in C" given by Qr) = Qfji, 

i=l 

if C = (Cl, ■■■Xn),V= iVl, ■ ■ -^Vn)- 

If < s < n, any function / in H^^w) can be expressed as 

f{z) = CMi^):= I -^^^--da{CY 

Js" (1 - zQ^-^ 
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where da is the normahzed Lebesgue measure on the unit sphere S" and g G U'{w) 
and consequently, /i is Carleson for H^iw) if there exists C > such that 

\\Csf\\LP{dti) < C\\f\\LP{w)- 

We denote by Kg the nonisotropic potential operator defined by 



The problem of characterizing the positive Borel measures /i on B" for which there 
exists C > such that 

(1-1) \\Ks[f]\\LHd,)<C\\f\\L.ida), 

that is, the characterization of the Carleson measures for the space Ks[LP{da)] has 
been very well studied and there exist different characterizations (see for instance 
paj . |AdHej |KeSa] l 

The representation of the functions in iff in terms of the operator Cg gives that 
in dimension 1 the Carleson measures for Ks[LP{da)] coincide with the Carleson 
measures for the Hardy-Sobolev space iff simply because the real part of is 

equivalent to . This representation also shows that in any dimension every 

Carleson measure for Ks[LP{da)] is also a Carleson measure for H^. The coincidence 
fails to be true for n > 1 in general, as it is shown in [AhCo] ( see also [CaOr2j ). 

Of course, when n — sp < 0, the space iff consists of continuous functions on B , 
and in particular, the Carleson measures in this case are just the finite measures. But 
for n — sp > 0, and n > 1, the characterization of the Carleson measures for still 
remains open. In the case where we are "near" the regular case, that is when n—sp < 1 
it is shown in [AhCo] . |CohVe l] and [CohVe2] . that the Carleson measures for iff 
and Ks[U'{da)] are the same, and any of the different characterizations of the Carleson 
measures for the last ones also hold for iif . 

One of the main purposes of this paper is to extend this situation to H^{w) for w 
a weight in Ap. If E G S" is measurable, we define 

W{E) = I wda. 

J E 

A weight w satisfies a doubling condition of order r, if there exists r > such that 
for any nonisotropic ball B in S", W{2^B) < C2^^W{B). 

It is well known that any weight in Ap satisfies a doubling condition of some order 
r strictly less than np. We begin observing that if r — < 0, the space H^iw) 
consists of continuous functions on B , and consequently, the Carleson measures are 
just the finite ones. If r — sp < 1, we show that the Carleson measures for H^{w) and 
Ks[LP{w)] coincide, whereas if r — sp > 1, this coincidence may fail. 

As it happens in the unweighted case (see |CohVel] ). the proof of the charac- 
terization of the Carleson measures for H^{w) will be based in the construction of 
weighted holomorphic potentials, with control of their iif (w)-norm. In fact, technical 
reasons give that it is convenient to deal with weighted Triebel-Lizorkin spaces which, 
on the other hand, have interest on their own. In the second section we study these 
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spaces. If s > 0, we will write [s]"*" the integer part of s plus 1. Let 1 < p < +oo, 
1 < ? < +00, and s > 0. The weighted holomorphic Triebel-Lizorkin space HFf^^w) 
when q < +oo is the space of holomorphic functions / in B"^ for which 

\\f\\HF^'>{w) = 

whereas when q — +oo, 

= (^supJ((/ + i?)WV)K)l(l-r^)'^l"-^)'^(C)^<T(C))' < +00, 

where / denotes the identity operator. 

The Section 2 is devoted to the general theory of weighted holomorphic Triebel- 
Lizorkin spaces. We give different equivalent definitions of the spaces HF^!''^{w) in 
terms of admissible area functions, we give duality theorems on these spaces, we study 
some relations of inclusion among them and we also obtain that when q — 2, the 
weighted Triebel-Lizorkin space HF^'^{w) coincides with the weighted Hardy-Sobolev 
space Hliw). 

The main result in Section 3 is the characterization of the Carleson measures for 
HP{w), when < r — sp < 1, in terms of a positive kernel. 

Theorem C. Let 1 < p < +oo, w an Ap-weight, and fi a finite positive Borel measure 
on B". Assume that w is doubling of order t, for some r < 1 -\- sp. We then have 
that the following statements are equivalent: 

(t)\\KsU)\\LHd,)<C\\f\\L.i^y 

r^^;ii/iUw<c^ii/ikH- 

The proof relies on the construction of weighted holomorphic potentials, with con- 
trol of their weighted Hardy-Sobolev norm. 

We also gives examples of the sharpness of the above theorem. We show that if 
p — 2 and t> 1 + sp, n < t < n + 1, then there exists w in ^2 H Dt- and a measure 
IJ, on S" which is Carleson for Hg(w), but it is not Carleson for Ks[L'^{w)]. 

Finally, the usual remark on notation: we will adopt the convention of using the 
same letter for various absolute constants whose values may change in each occurrence, 
and we will write A ^ B ii there exists an absolute constant M such that A < MB. 
We will say that two quantities A and B are equivalent if both A ^ B and B ^ A, 
and, in that case, we will write A"^ B. 

2. Weighted holomorphic Triebel-Lizorkin spaces 

In this section we will introduce weighted holomorphic Triebel-Lizorkin spaces, and 
we will obtain characterizations in terms of Littlcwood-Paley functions and admissible 
area functions. These characterizations, known in the unweighted case, will be used 
in the following sections. 

We begin recaUing some simple facts about Ap weights that we will need later. It 
is well known that A^o — Ui<p<+oo ^^'^ th^aX, any Ap weight satisfies a doubling 
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condition. We recall that a weight w satisfies a doubling condition of order r, r > 0, 
if there exists C > 0, such that for any nonisotropic ball S C S", and any A; > 0, 
W{2''B) < C2^^W{B). We will say that this weight w is in D^. In fact, if w G Ap, 
there exists pi < p such that w is also in Ap^^, and consequently we have that w G -D^ 
for r = npi < np, (see |StrToj ). 

Examples of Ap weights can be obtained as follows: if C = iCXn), and w{() = 
(1 — IC'P)"^; we then have that w & Ap if —1 < e < p — 1. We also have that for this 
weight, w G -Dr, t = n + e. 

The following lemma gives the natural relationships between the spaces U'[w), 
w G Ap, and the Lebesgue spaces L'^{da). 

Lemma 2.1. Let 1 < p < +oo, and w be an Ap-weight. We then have: 
(i) There exists 1 < pi < p such that U'iw) C L^^i^da). 
(a) There exists P2 > P such that U''^{dij) C L^{w). 

We now proceed to study the weighted holomorphic Triebel-Lizorkin spaces HP'^{w) 
already defined in the introduction. We begin with some definitions. If 1 < g < +oo, 
k an integer such that A; > s > 0, and G S", the Littlewood-Paley type functions 
are given by 

Ai,k,,Afm = + ^)VK)r(l - r'Y'-'^^-'dr 

when q < +oo, and 

A,.,oo,s(/)(C) = sup |(/ + i^)VK)|(l-r2)^-^ 

0<r<l 

when q = +oo. 

If a > 1, C ^ S", we denote by Da{C), a > 1 the admissible region given by 
DaiO = {z E B" ; |1 — z^|<a;(l — |2;|)}. We introduce the admissible area function 

Aa,k,,Afm =( [ \{I + R)'f{z)\\l - \z\T-'^'^-''-'dv{z) 
when q < +oo, where dv is the Lebesgue measure on B", and in case q = +oo, 

A^,k,ooAf)iC) = sup + 

when q = +oo. 

Our first goal is to obtain that if 1 < p < +oo, 1 < g < +oo and w is an Ap weight, 
then an holomorphic function is in HF^'^{w) if and only if A^^k^qAf) ^ ^{'^)^ for 
some (and then for all) a > 1 and k > s. We will follow the ideas in |QFj . For the 
sake of completeness, we will sketch the modifications needed to obtain the weighted 
case. 
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If 1 < j9 < +0C, 1 < g < +00 we denote by = LP(w)(L''( -dr)) 

1 — 

the mixed-norm space of measurable functions / in S" x [0, 1] such that 

p - 

p,,,u,- \ i_ \ I I/K)I't37^'^'') ^(0^^(0 1 <+oo. 



Also if a > 1, and Ea{z) = (/§„ X-Dc<{C)('^)'^^(C)) ^ — (1 — I^P)^", we denote by 
LP{w){LD the mixed-norm space of measurable functions / defined in x B" such 
that 



a,p,q,w 



, 1 

EJz) , , A? 



\fizX)\' ^_)' dviz) ] wiOdaiO] < +00. 



We denote by the space of measurable functions on such that 

is in L^{w){LD, normed with the norm induced by || ■ ||a,p,q,io. We also introduce 
the space F^'P''^{w) of measurable functions on B" such that JifiC,^) = fi^C) is in 
LP{w){Ll). 

The representation of the dual of a mixed-norm space, see [BeLoj . gives that 
if 1 < p,g < +00, the dual space of Lp{w){LI) is LP'{w){Lf), 1/p + 1/p' = 1, 
l/q + l/q' = 1, and that if / G F^'P'''{w), g G F^'^ ''^ (w) the pairing is given by 



-2nr 



2n-l 



if, 9) = y^^^ firOgirO-^—^drjwiOdaiC). 

Analogously, the dual space of Lp{w){LD is Lp'{w){L(), and if / G g G 

p'oi,p ,q ^Yie pairing is given by 

dv{z) 



if,9)a= / fiz)g{z)xD^ioiz)wiC)da{C)v-. , ^2\n+l 

Jb" Js" l-"- ~ Fl ) 

where E^{z) = /g„ xd„(c)(^)^(C)c?c^(C)- 

Observe that if we write = the doubling property of w gives that E^{z) ~ 
W{B{zq, (1 — From now on we will write = B{zq, (1 — \z\)). 

We begin with two lemmas that are weighted versions of Lemmas 2.2. and 2.3 in 
jOFj . and whose proofs we omit. We recall that if t/^ is a measurable function on S", 
the weighted Hardy-Littlewood maximal function is given by 

M]^lW(C) = sup-^ / mv)\wiv)daiv)- 
BBC yy[B) Jb 

Lemma 2.2. There exist C > 0, Nq > such that for any z G Da{C), N > Nq, 
(1-1^12)"+^ f \^p{r])\ 
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Lemma 2.3. Let a > 1. There exists C > 0, such that for any z G Da{C), 
^ ^ XD^Miz)mv)\wiv)daiv)<CM^^mC)- 



W{B, 



z) JS 

Theorem 2.4. Let 1 < p < +oo, I < q < +oo, and a > 1. Then the space F'^'P''^[w) 
is a retract of Lp{w){LD . 

Proof of Theorem 12. 4t 

The fact that Ji is an isometry between and Lp{w){LD gives the theorem 

for the case a = 1. 

If a > 1, we introduce the averaging operator 



The definition of E^^i^z) gives that A^oJa is the identity operator on F"'P''^{w). So, in 
order to finish the theorem, we need to show that maps L'^{w){L'^) to F'^'P''^{w). 
We consider first the case 1 < < p < +oo. Let m = | > 1 and let m' be the 
conjugate exponent of m. We then have by duahty that 

u.m%,,,r.= sup \l I iA.(^)(^) r. ^, v^(c)^(c)c^a(c)i. 

Il^ll^,„'(„)<i ^s" Jd^(q U - \z\ ) 

Now Holder's inequality gives that 

\A^{v){z)V < I \v{v.z)WD^{v)(z)w{r^)da{r^). 

\^) JS'^ 



Hence, by Lemma 12.31 

\\Aa{v)\\a,p,q,w 

- / / T^^^««(C)(^) / XD^{v){z)\v{v,z)\''w{ri)dcx{r]) 

^ sup / / Mv,z)\'^ '^]^%^^M ^)M-HLmv)d<y{v\ 

Next, Holder's inequality with exponent m = ^ gives that the above is bounded by 

1 



< 



sup ||M-^^||,^,(,) I j [ I W{v.z)\^ - Upl+i ) ^(^)M^) 



sup \\m\Lr^'{u,)\m\i,p,q,w, 



ii^iii™'(„)<i 



where we have used that since is a doubling measure, the weighted Hardy-Littlewood 
maximal function is bounded from L™ {w) to {w). That finishes the proof of the 
theorem when q < p. 
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So we are lead to deal with the case 1 < p < q < +00, which can be easily obtained 
from the previous case using the duality in the mixed-norm spaces i/(w)(L^). □ 

This result can be used as in the unweighted case to obtain a characterization of 
the dual spaces of the weighted spaces F°''P''^{w). 

Corollary 2.5. Let 1 < p < +00, 1 < q < +00, a > 1, and w an Ap-weight. Then 
the dual of F°''P''^{w) is F°''P'''^' (w) with the pairing given by {f,g)a- 

The following proposition will be needed in the proof of the main theorem in this 
section. If > 0, M > 0, we consider the operators defined by 



(1- 




\z\ 




\y\ 






1 - 




zy\ 


\n+l+N+M 



fiy) = , ' '1,1. J! / Mz), y e B 



Theorem 2.6. Let 1 < p < +00, 1 < q < +00, a,(3 > 1, and w an Ap weight. Then 
there exists Nq > such that for any N > Nq and any M > 0, the operator P^^^^ is 
continuous from to F^'^''^{w). 

Proof of Theorem 12. 6t 

We begin with the case a, /3 > 1. The case where 1 < q < p < +00 can be deduced 
following the scheme of |OFj . using Lemma [2.21 

In the case 1 < p < q < +00 we apply duality in the mixed norm space and obtain 



(2.1) 



\p''^''U)\\l,,,^= sup 1/ p^'^(/)(y)^(y) ,, ^^.^L.M y)\ 



■,p q ,1L' - 



< sup {f,P''-''^+\g)), 



where 

Observe that when w = 1, then P*^'^(/) ~ P*^'^(/). Here we are led to obtain 
that the operator pA/-i,Ar+i j^g^pg boundedly F^'P''^' to F"'^''''' , provided p < q. If we 
claim this proposition, we finish the proof of the theorem. Using (12. ip . and applying 
Holder's inequality, 

\\P'''''{fm.....= sup {f,P''-''''-\g)).< 



I /3, p,q,w 

\\9\\< 



IdW a ,p' q' ,w — 



sup \\f\\a,p,,,..\\P''''-''^-\9)\\a,p',,',y. < CsUp||/|| 



l9llQ,p'q',tu<l 



a,p,q,w 



The cases a = 1 and /? = 1 are proved in a simmilar way. 

To finish the theorem we will prove the claim. Changing the notation, it is enough 
to prove: 

Proposition 2.7. Let 1 < q < p < +00, a,f3 > 1, and w an Ap weight. We then 
have that there exists Nq > such that for any N > Nq and any M > 0, 
(i) P^''^{1) < +00. 

(a) The operator P'^^''^ is continuous from F°''P''^{w) to F^'P''^{w). 
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Proof of Proposition 12. 7t 

Let us begin with (i). From tlie definition of E'^{z) and Fubini's theorem, 

dv{z) 



(1- 


\z\ 






\l-zy[-+ 


1+M+N (1 - 


\z\ 






(1- 


\z\ 


dv{z) 


\l-zy\^+ 


1+M+N (1 - 


\z\ 


2^n 



where in last inequality we have used Lemma 2.7 in |QF] since M > — 1. 

Next, let Bk = B{yQ, 2^{1 — k>Q, where yo = Since w is doubling and 

E^{y) ~ iy(5o) give that W{Bk) < C^E^{y). Consequently 

^ MOMO 



-^Jb, (2^1 - - (1 - \y\'r+'' V 2'^"^"^^ " (1 - 1^1')"+^^ 

if is chosen sufficiently large. That finishes the proof of (i). 

Since m = - > 1, duality gives that 
(2.3) 



ii^iL ,„,, ,<i Js" Jd^(c) u - \y\ ) 



'L'" (lu)- 



dv{y) 



Next, Holder's inequality shows that if < e < then 

\p-^-(f)(y)\^< ! \fu)\^ ^^-\^\'r^^-\y\r~' ^^^(^) 



X / ^ ^ , \ , , 

1/ ,-,,7ix,Ar, o' /1 VXr) 77'')/ J / ^ . \ V 



(1- 


\z\ 


|2)M(i_|^|2)A^+.^ 


(z) {l-\y\'r 


ll- 




^_^n+l+M+N+e^ (1 - 


\z\ 





-h^^ ^^ \l - Zy\n+^+N+M-e {l-\z\2)n E^{y) 

where in last inequality we have used (i). 
Consequently, 

(2.4) 

|/(z)|''(l-|^P)^(l-|l/p)^-- 

|1 _ ^y\n+l+N+M-£ 



\P'''\f)\\l,,^.<C sup 1/ / / 



-^^1^)7^ 1 i9N.^X C)w(C)c^o^(C)l 



(1-I^P)" E-(y) ^ ^(l-|^|2)n+l 

r I f f f (1 - |z/P)^+"-^ rf^^d/) 

o sup 



/d,(c) |i-^y|"+^+^+^^-^i^^(y)(i-|y| 

X \fiz)\''il-\z\y'-^^E:iz)dvizmMC)daiC)\. 



2^71+1 
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Next, if y e D^iC), EM - W{By) ~ W{B{C, (1 - \y\')), and |1 - zy\ ~ (1 

\y\') + \i-zC\. 

Assume first tliat |1 — < 1. Hence, 
(2.5) 

r _(1 - dv{y) 
J DM) |1 



^^(^) |1 - zy\-+mM-e EM(1 - \y\2)n+l 

(1 - \y\T-' , ^ (1 - \y\'r dv{y) 



~ iBn ((1 - Iz/P) + 11 - ^C|)'*+i+™-^^''''^^^^^^' 



((1 - + |1 - ^^|)n+l+iV+M-e^-MUV«/|y(5(^^ 1 _ |^|2)) (1 _ |^|2)n+l ' 

which by integration in polar coordinates 

((1 - r2) + |1 - ^(|)n+i+iv+M-. (1 _ r^)W{B{C, C{1 - r^))) 

\l-zC\ ^N+n-e-1 



Jo 



{t+\l- ^C|)n+l+iV+M-e W{B{C, t)) 



^J\i-,c\ {t+\i-zc\r+'+''+^-'W{B{c,t)) ~ + 

In / we have that (t + |1 — z(\) \1 — z(\, and, since w G Ap, 



^-(p'-l) 



Thus we obtain that 

I ^ / — L ( - / w-^'-'A dt 

p-1 -, p\l-zC\ 



V^(c,|i-.CI) / |i-<|"+i+™-^7o 



1 



|l_^^|M+i W{B{zo,\l-zC\)) 



where we have used that A^" > is chosen big enough, and that w satisfies the Ap 
condition. 

In II, {t+\l — z(\) ~ t, and since M + 1 > 0, we have 



^ 1 dt 



t^+2W-(i?(C,|l-<|)) - \l-zC\^+^W{B{zo,\l-zC\)y 
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If |1 — 2;CI > 1; then we have that (1 — r^) + |1 — zCl — 1- We return to (12.51) and 
obtain 

(1 - r^)N+n-e-l^^ 



((1 - r)2 + |1 - <|)«+i+^+A^-W(5(C, 1 - r2)) 



'b{c,i) / io - \l-zC\^''^^W{B{z,,\l-zC\)) 

Then we have in any case that fl2.5p is bounded by 

1 1 

w{B{z,,\l-zC\))' 
In consequence, we return to (12. 4p and we obtain 
(2.6) 

r r (1 - \z\^)^''-''E'"(z) 

||VII^„,(„)<i Js^Jb'^ \l-zC\^^'+m{B{zo,\l~zC\)) 

. sup I / / - wy'-x..,„(.) / , nM^mm^'n m 

||VII^„,(„)<i Js^ Jb" Js" |1 - zC\^^+W{B{zo, \1 - zQ)) 
dv{z)w{ri)da{ri)\. 

Next, if ;2 G D«(r/), 5(r/, |1 - <J_) C 5(^o,C7|l - and if 5^ = 5(r/,2'=(l - I^H), 

A; > and C G Bk+i \ B^, \1 - zC\ ~ 2'=(1 - \z\'^). Thus 

^|^(C)k(C)^a(C) 

^,-zC\M+iw{B{zo,\l-zC\)) 

V I I ; ;,>g V I I ; 

Plugging the above estimate in (12. 6p and using Holder's inequality with exponent 
m = -, we obtain 



is- \l-zm+^ 



^ sup / / |/(^)|.^^__;^^^(^)(^)rf^(^)M-jV^)(r/)t/;(r^)^;a(r/) 
^ sup ||/||^,,,,,J|M-JV^)||^^^^ 11/11^,^,,,^. □ 

i/'GL'"' («)) 
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We deduce from the previous theorem the following characterization of the weighted 
holomorphic Triebel-Lizorkin spaces. If / G iJ(B"), s,t > 0, let 

Lif{z) = {i-\z\y-%i + Ryf{z). 

Theorem 2.8. Let 1 < p < +oo, 1 < q < +oo, t > s >0 and a > 1. Let 

HF:'''^'\w) = {/ G i/(B"); < +oo}. 

Then HF^'^'P'^iw) = HFP'i{w). 
Proof of theorem 12. 8t 

If s < to < ^1, we just need to check that HF^^^°^p^''{w) = HF^^^^^p^'^{w). 

Any holomorphic function / on B"- satisfying that L\f{z) G F°''P''^{w) is in A~°°(B"), 
the space of holomorphic functions in B" for which there exists k > such that 
sup^(l — < +00. Consequently, / and its derivatives have a representation 

formula via the reproducing kernel cat (i^^)n+\+iv ; for > sufficiently large and an 
adequate constant cat. Once we have made this observation, we can reproduce the 
arguments in |QFj and obtain 

r (1- \z\'^)^ 

(/ + RY^'fiy) = Cm JJi + RY^fm + RyY^^-'^ ^^^_y^^ll,^^ dv{z). 

Since for m > we have that 

(2.7) (/ + Rr'-giy) = flog -) 9{ry)dr, 

r(m) Jo V rj 

we obtain 

jb" I-"- ^y\ 

and we just have to apply Theorem 12.61 to finish the proof. □ 

Theorem 2.9. Let 1 < p < +oo, 1 < q < +oo, w an Ap-weight, and f a holomorphic 
function. Then the following assertions are equivalent: 
(i) f IS m HFP'i{w). 

(a) Aa,k,q,s{f) G LP{w), for some a > 1 and k > s. 
(Hi) Aa^k,q,s{f) G LP{w), for all a > 1 and k > s. 

Our next result studies some inclusion relationships between different weighted 
holomorphic Triebel-Lizorkin spaces. 

Theorem 2.10. Let 1 < p < +oo, I < qo < qi < +oo, s > and let w be an 
Ap-weight. We then have 

HFP''°{w) C HFP'^^w). 

Proof of Theorem \2A0i 
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We begin with the case qi = +oc. Let < e < 1. If L^J{z) = (1 - \z\^Y^-\I 
R)^ f{z), the fact that (/ + R^f is holomorphic gives that 



where for y G B" K{y,t) is the nonisotropic ball in B" given by 

K{y,t) = {zeB-; \z{z - y)\ + \y{y - z)\ < t}. 
In |OFj it is obtained that 



Thus 



sup iL'JirOlMOdaiO 

S" 0<r<l 



Since f > P, and w is an Ap-weight, w is in Ar, and in consequence the unweighted 

Hardy-Littlewood maximal function is a bounded map L^{w) to itself. Hence the 
above is bounded by 



In order to finish the theorem, we will prove that if qo < qi < +oo, then 

9a i_9a 



< I I -PI I 91 I I -PI I 91 



Since 

I- / \ (9i-go)p/gi 

\hf-''Hu,)^ / l(/ + i?)VK)l(l-r)'=-^ 

^ ^ > Js" \0<r<l 

1 ~ 

Holder's inequality with exponent qi/qo > 1, gives that the above is bounded by 

C I I / 1 1 hfP'io (^) 1 1 / 1 1 HFF°^{w) ■ ^ 

We now consider the weighted Hardy space Hp{w), for 1 < p < +cx3, and w sua 
Ap weight. It is shown in |Luj that / G H^{w) if and only if / = C[/*], where 
/*(C) = linir^i /('"O ^ LP{w) is the radial limit, C is the Cauchy-Szego kernel. 
In addition, / = P[f*], where P is the Poisson-Szego kernel. It follows also that 

- \ \f*\\LP{w)- 
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It is immediate to deduce from this that / G H^{w) if and only if for any a > 1, 
Ma{f) € U'{w), where is the a-admissible maximal operator given by 

M„(/)(C)= sup \f{z)\. 

In addition I I/I ^ ||MQ(/)||iP(^), with constant that depends on a. Indeed, since 
|/K)| < M„(/)(C), we have that ||/||i^P(^) < | |M,(/) | |iP(^). On the other hand, 
assume that / e Hp{w). Then / = P[f% f* G Lp{w) and since M„(/) < CMhlU*). 
(see for instance |Ru] ) . we deduce that 

/ {M.ifmfwiOdaiO 

^[ iMj,,irm)MC)dcric) ^ [ \nc)\MC)da{c)^\\m,^^^, 

where we have used that since w in an Ap- weight, the Hardy-Littlewood maximal 
operator maps L'^iw) continuously to itself. 

Our next result gives a proof for the weighted nonisotropic case of the fact that 
the spaces Hp{w) can also be defined in terms of admissible area functions. Similar 
results, but using a different approach based on localized good-lambda inequalities, 
have been obtained in [StrToj for weighted isotropic Hardy spaces in R" . 

Theorem 2.11. Let 1 < p < +oo, and w be an Ap-weight. Let f be an holomorphic 
function on B" . Then the following assertions are equivalent: 
(i) f is in HP{w). 

(a) There exists a > 1, k > 0, such that Aa,fc,2,o(/) ^ L^iw). 

(Hi) For every a>l, and k > 0, Aa,A,.,2,o(/) ^ L'^iw). 

In addition, there exists C > such that for any f G Hp{w), 

■^WfWHPiw) < ||^a,l,2,o(/)||LP{«;) < C\\f\\HP{w)- 

Proof of Theorem ITTTi 

We already know that (ii) and (iii) are equivalent, so we only have to check the 
equivalence of (i) and (ii) for the case k = 1. The proof of (i) implies (ii) is given in 
|KaKo] ■ using the arguments of |St2] . For the proof of (ii) implies (i), we will follow 
some ideas of [AhBrCa j. 

Without loss of generality we may assume that /(O) = 0. Let us assume first that 
/ G H{W). Then / = P[f*] where /* G C(S"). We want to check that 

||/*||lp(u.) < C'||^a,l,2,o(/)||LP(«))- 

We will use that the dual space of Lp{w) can be identified with Lp' {vj-^p'-^^) if the 
duality is given by 

<f,9>= [ fiO'giOd'yiO- 

Hence, 

||r||L.M = sup{| / f*{0g*{0da{0lg* eCiS''), 1 1^7*1 < 1 }. 
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If g = P[g*], we have (see [AhBrCa] page 131) 

dv{z) 



nix 



, X {n-l)\ 
(2.8) ^ ' 



= nM f{z)g{z)dv{z)+ {V^^^f{z),V^^g{z))^. 

where Vb" is the gradient in the Bergman metric (see for instance |St2j ). and 
{F{z),G{z))^. = (1 - \z\'){J2ikj - z.z-)F,{z)mz)). 

We then have (see |St2] ) that since F is holomorphic 

\\Vb'^F{z)\\1„ = {VB'^F{z),VB-F{z))sn 

-(i-w^){ei|-^wi^-ii:^.|-^w 

^^ i=l i=l 

In order to estimate Jg„ f{z)g{z)dv{z) we will need to obtain estimates of the values 
of the functions /, g on compact subsets of B" in terms of the norms | |Aa,i,2,o(/) \\lp{w) 
and \ \Aa,i,2,o{g)\\Lp'{w-ip'-^)) respectively. 

Lemma 2.12. Let 1 < p < +oo and w an Ap-weight. There exists C > such that 
for any holomorphic function f in B", and any z = r( 

i^'^'i ^ ' L ,.(.(c,i-''))^(i-.) ''""'"°'^'''^ ■ 

In particular, if K G B" is compact and 



K = sup |/(z)|, 

then there exists a constant C > 0, depending only on w, p and K such that < 
C (1/(0)1 + ||A„,i,2,o(/)||l.m). 

Proof of Lemma I2.12t 

Since / is holomorphic, we obtain that if 2; = G B", there exist Ci > 0, i = 1, 2, 
such that for any rj G -B(C; Ci(l — ''"^))) then 

|V/(^)r ^ n / \Vf{y)\'dv{y) 



n \.,\2\n+l / 
U ~ ) Jk{z,C2{1-\z\^ 



^ TT^W / - l^n'"1W(2/)Pci^(y) < ,,,M ^x2,M{v)f- 



Consequently 

((l-|^P)|V/(z)|)^^(A.,i,2,o(/)(r/))^. 

Then we have 



((1 - \znVf{z)\y W{B{C 1 - r')) ^ I {A^,,,2M)iv))Mv)dcT{v) 

JB(C,l-r2) 

\\Aa,l,2,oif)\\LP(w)- 
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In particular, if < r < 1 and C G S", 
df 1 

and integrating, we finally obtain 

|/K)|^ ( 1/(0)1+ r ||a„,i,2,o(/)||l.m). 

For the remaining affirmation, let K C B" be compact. Then there exists < 5 < 1 
such that for any z = r(EK,r<l — 6, and 

\f{z)\ ^ I 1/(0)1+ ^ / ^ . Pm.2,0(/)||lpM 

V l^(i?(C,5))^5 

Since ti? is doubling, and there exists > (not depending on () such that S*^ C 
B{C,cN6)), W{S") ^ W{B{C,6)), and consequently 

ll/lk^ 1/(0)1 + ||A,,i,2,o(/)||l.m. □ 

Going back to the proof of the Theorem 12.111 let < e < 1. The above lemma 
together with the fact that if w is an Ap weight, then w~^^ is an Apz-weight, give 
by (121]) that 

nC)9*iC)daiC)\ 

^ ||^a,l,2,0 (/)ll LP{w) I |^a,l,2,0 (^7)11 

Jl-e<\z\<l 

+ / ||VBn/(;2)||B"||VBn^7(^)" "^""^'^ 



B" 



1 - \z\ 



In order to estimate the second integral, we use polar coordinates, and obtain 

f{z)g{z)dv{z)\, 



'l-e<\z\<l 

which by Holder's inequality is bounded by 
\f{rC)Mr()\da{Odr 



l-e ^S" 
1 

l-e 



\fr\\LPiw)\\gr\\LP'{w~(p'~^))dr — ^ 1 1 / 1 UfCt") I Ifi' I l//p' (to-(p'-l)) 



^ |/*| |lp{«>) I If?* 1 1 LP'{«;-(P'-1))- 

For the third integral, we use (5.1) of j CoiMeStj to estimate it by 

^a,l,2,0 (/)(C)^a,l,2,0(^7)(C)rf^(C) ^ Pa,l,2,0(/)|| LP(w) I |^a,l,2,0 i9)\\ 

S" 
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Since we already know (see [KaKoj) that \\Aa,i,2,oig)\\Lp'(w-(p'-^)) ^ \\9*\\lp' iw-(p'-»)^ 
we finally obtain 

LP{w) ^ ||^a,l,2,0 LP{w) +e\\r\\ LP{w)i 

which gives the result for / G if (B"). 

So we are left to show that the estimate we have already obtained holds for a 
general holomorphic function in B". If / is an holomorphic function on B" such that 
||^a,i,2,o(/)||Lp(t«) < +00, let fr{z) = f{rz) E H(W), for < r < 1. We then have 
that 

(2-9) ||/r||HP(w,) ^ ||^a,l,2,o(/r)||LP(«)) 

Let us check first that 

sup ||y4Q,^1^2,o(/r)||LP(M)) < C"! |^Q!,l,2,o(/) | |LP(to)- 
r 

Notice that 

||^Q,l,2,o(/r)||ip(^) = - I ■ + -R)/r)|lip(^)(i2(__^i^L^))- 

We will check that there exists < G{(,z) G LP{w){L'^{jY:^^sy^)) such that for 
any < r < 1, C G S", z G B", J„((l - \ ■ + i?)/,)(C,z) < G{C,z), and 

II^IIlpM(L^( ^^_;;(-U )) ^ Pa,l,2,o(/)||L.(«,). 

Let us obtain such a function G. Since by hypothesis ^^,1,2,0/ ^ L^^w), we have 
that the holomorphic function / satisfies that ^^,1,2,0/ ^ L^{da), and consequently 
that there exists G > such that for any z G B*^, \f{z)\ ^ (i_|i|2)n • Hence, the 
integral representation theorem gives that for > sufficiently large, and z G B", 

Next, there is a constant C > such that for any < r < 1, z,y E B", |1 — rzy\ > 
G\l — zy\, and the above formula gives that 



B" 



(1-1 


^1 


\T\ii + R)fiy)\ 




ll 


- zy\ 


\n+l+N 



\{i + R)f{rz)\< ^ — m' ' 'Xi^J My). 



Combining the above results we have that 
XD^i0i^){l-\zmi + R)f{rz)\ 



(1- 


\y\ 


|2)^-l(l_ 




\z\ 




\y\ 


mi+R)m\) 




1 




- zy\ 


n+l+ 


-N 





'B" 

= CxD.i0i^)P'''''\il - I ■ m + R)f ){z) ■■= Giz, C). 

Theorem 12 . 81 shows that provided is chosen sufficiently large, p^-^'i maps 
to itself, and in particular that 

\\^\\lp{w)(L2{ ^^ ^ ""^^ ^'^((^ ~ I ■ + R)f)\\a,p,2,w 

^ 11(1 - I ■ + R)f\U,p,2,^ = CP„,i,2,o(/)||lpw < +00. 
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Consequently 

ll/rll HP{w) ^ 11^0,1,2,0 (/)ll 

and therefore / G Hp{w). □ 
We will now remark on some facts about weighted Hardy-Sobolev spaces. Let us 
recall, that if 1 < p < +oo, < s < n, and w is an Ap-weight, we denote by H^{w) 
the space of holomorphic functions / on B" satisfying that 

ll/lkf{^) = lia + ^)7lk.H<+oo. 

The results obtained in the previous theorems give alternative equivalent definitions 
of the spaces iff (w) in terms of admissible maximal or radial functions and admissible 
area functions. 

On the other hand, when w; = 1, and < s < n, it is well known, see for instance 
ICaOrlj . that the space HI admits a representation in terms of a fractional Cauchy- 
type kernel Cg defined by 

CsizX) = ^= • 

The same lines of the proof of the unweighted case can be used to obtain a similar 
characterization in the weighted case. We just have to use that the Hardy-Littlewood 
maximal operator is bounded in U'{w), if w is an Ap- weight and Lemma [2. 1[ 

Theorem 2.13. Let 1 < p < +oo, < s < n, and w be an Ap-weight. We then have 
that the map 

is a hounded map of Wiw) onto H'^iw). 

3. Holomorphic potentials and Carleson measures 

In this section we will study Carleson measures for Hf{w), 1 < p < +oo and 
< s < n, that is, the positive finite Borel measures /i on B" satisfying 

(3.1) \\f\\LHci,)<C\\f\UM, feL^iw). 
In what follows we will write 

wda = —— I w, 

; \E\ Je 

where ii^ is a measurable set in S", \E\ denotes its Lebesgue measure. 
By Theorem 12.131 this inequality can be rewritten as follows: 

(3.2) WCsimLnd,) < c II/IU.M, / e L^H. 

We recall that we have defined the non-isotropic potential of a positive Borel function 
/ on S" by 

(3.3) K,{f){z)= [ K,{z,Of{OdcriO= f -^^—MC), 



|1 - 



for 2; G B 
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Analogously to what happens for isotropic potentials (see |Adj ). in the nonisotropic 
case it can be proved that if w is an Ap weight and Co ^ satisfies that 

(3.4) f w~^P'~^\Qda{0 < +00, 

then for any / G Lp{w), Ks{f) is continuous in (q. Observe that when w = 1, 03.41) 
holds if and only if n — sp < 0. In the general weighted case, if w satisfies a doubling 
condition of order r, and r — < 0, we also have that 03.41) holds, and consequently 
the Carleson measures in this case for weighted Hardy Sobolev spaces are just the 
finite ones. Indeed, assume that t — sp < 0. We then have 



S" 



</ :^^(Co£L_, ^/ ^ 



The fact that w satisfies condition gives that 1^(8") ^ 2*^^iy(5(Co, 2"^)), and 
consequently the above sum is bounded, up to constants, by 

2k{T{p'~i)-sp' 

k 

Since r — < we also have that r(p' — 1) — sp' < 0, and we are done. 
From now on we will assume that r — sp > 0. 

The problem of characterizing the positive finite Borel measures /i on B" for which 
the following inequality holds 

(3.5) ||i^s(/)||L.(d,)<C||/|U.(^), 

has been thoroughly studied, and there are, among others, characterizations in terms 
of weighted nonisotropic Riesz capacities that are defined as follows: if C S", 

1 < p < +CXD and < s < n, 

Cl{E) = inf{||/|r^,(^) ; / > 0, K,{f) >lonE}. 

It is well known, that when w = 1, Csp{B((,r)) ~ r""'*^, ( G S", r < 1. See [Ad] for 
expressions of weighted capacities of balls in R". 

As it happens in R" (see | Ad] ) . we have that if < n — sp, 03.51) holds if and only 
if there exists C > such that for any open set G C S", 

(3.6) ^(r(G)) < CC-iG). 
Here T{G) is the admissible tent over G, defined by 

T(G) = T„(G) = I U D^iO 

The problem of characterizing the Carleson measures fi for the holomorphic case 
(13. 2p is much more comphcated, even in the nonweighted case. Since |Cs(2;,C)| < 



CARLESON MEASURES FOR Hf{w) 



19 



Ks{z, (), it follows from Theorem 12 .131 that (13. 5p implies (13.21) . and consequently that 
if condition (13. 6p is satisfied, then /x is a Carleson measure for H^iw). Of course, when 
n — s < 1 both problems are equivalent, even in the weighted case, simply because 
if / > 0, \Cs{f)\ ~ Ks{f), but when n > 1 (see [Ah] and ^CaOr2j), condition (1^31) 
for the unweighted case is not, in general, equivalent to condition (13. 2p . Observe 
that when n — sp < 0, consists of regular functions, and consequently any finite 
measure is a Carleson measure for the holomorphic and the real case. It is proved 
in [CohVel] that this equivalence still remains true if we are not too far from the 
regular case, namely, if < n — sp < 1 . The main purpose of this section is to obtain 
a result in this line for a wide class of Ap-weights. 

In |Ah] it is also shown that if (13.21) holds for w = 1, then the capacity condition 
on balls is satisfied, i.e. there exists C > such that fi{T{B{(,r))) < Cr"'"*^, for any 
C e S" and any < r < 1. The following proposition obtains a necessary condition 
in this line for the weighted holomorphic trace inequality. 

Proposition 3.1. Let 1 < p < +oo, < s < n . Let n be a positive finite Borel 
measure on B", and w be an Ap-weight. Assume that there exists C > such that 



\LP 



(d^i) < C\\f\\H-P[w)^ 



for any f G H^{w). We then have that there exists C > such that for any ( G S", 
r > 0, 

,W{B{C,r)) 



MT(i?(C,r))<C- 

Proof of Proposition I3.lt 

Let C G S", < r < 1 be fixed. If ^ G B'', let 

F(z) ^ 



(l-(l-r)zC) 



N ■ 



with > to be chosen later. If z G T{B{(^,r)), and zq = j^, (1 — \z\) ^ r and 
|1 — Zo(\ :< r. Hence \1 — {1 — r)z(\ ^ r, and consequently. 



j.Np 

On the other hand, 



nB{C,r)) 



WW^uv, ,<C I -w(r])d(T(r]) 

-w{r])da{ri) 



iBiCr) \l - {1 - r)r]C\(^+^)P 
+ / ^w{7i)d(y{ri). 
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If > 1, and T] G fi(C,2'=+V) \ 5(C,2V), |1 - (1 - r)riC\ ^ 2''r. This estimates 
together with the fact that w is doubhng, give that the above is bounded by 

k>0 ^ ' k>0 ^ 

which gives the desired estimate, provided is chosen big enough. □ 
We observe that for some special weights besides the case w = 1, the expression 
that appears in the above proposition ^^^^p'^^^ coincide with the weighted capacity 
of a ball (see [Ad]). 

If 1/ is a positive Borel measure on S", 1 < p < +oo, < s < n and w is an Ap- 
weight, it is introduced in [Ad] the {s,p)-eneTgy of u with weight w, which is defined 
by 



(3.7) S-iu) = / iKsiumr'wiC)-^^'~'^da{C). 

If we write iKsiiy)y' = (ir,(z/))P'-iir,(z/), Fubini's theorem gives that 



where 

is the weighted nonlinear potential of the measure u. When w = 1, Wolff's theorem 
(see |HeWo] ) gives another representation of the energy, in terms of the so-called 
Wolff's potential. 

In the general case, it is introduced in jAd] a weighted Wolff-type potential of a 
measure u as 

(-) w:(w(c) ^ /' (f^^)"' 

In the same paper, it is shown that provided w is an Ap- weight, the following weighted 
Wolff-type theorem holds: 

(3.9) S-{u) ^ / WZ{u){Odu{0. 

In fact, we have the pointwise estimate W^(i^)(C) < CW^(z/)(C), and Wolff's theorem 
gives that the converse is true, provided we integrate with respect to z/. 

In |Ad] a weighted extremal theorem for the weighted Riesz capacities it is also 
shown, namely, if G C S" is open, there exists a positive capacitary measure such 
that 

(i) supp ug C G. 

{u)ug{G) = C-{G)=S-{ug). 

(iii) WZMiO > C, for C--a.e. C e G. 

(iv) Wrpiucm < C, for any C G supp ug- 

We now introduce two holomorphic weighted Wolff-type potentials, which general- 
ize the ones defined in |CohVel] . These potentials will be used in the proof of the 
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characterization of the Carleson measures for H^{w), for the case < t — sp < 1. Let 
1 < p < +00, < s < ^, and i/ be a positive Borel measure on S". For any A > 0, 
and z G B", we set 

(3.10) _ f ^zy(5(C,l-r))V'-' ^/ -(p'-i^ dr 



and 



sp 

(3.11) /•! / /• (l-rV+-P~nf f ^ .^A"'' rfr 




iJ(C,l-r) 



Obviously, both potentials are holomorphic functions in the unit ball. We will see, 
that if p < 2 the first one is bounded from below by the weighted Wolff-type potential 
we have just introduced, whereas if p > 2, the second one is bounded from below by 
the same potential. 

In the unweighted case, |CohVel] the proof of the estimates of the holomorphic 
potentials, rely on an extension of Wolff's theorem. This extension gives that if 
1 < j9 < +00, s > 0, < g < +00, and z/ is a positive Borel measure on S*^, then 



t"-* J t 

Observe that if the above estimate holds for one go? it also holds for any q > go- The 
case g = 1 is the integral estimate in Wolff's theorem, since we have that 

The arguments in |CohVel] can easily be used to show the following weighted 
version of the above theorem. We omit the details of the proof. 

Theorem 3.2. Let 1 < p < +oo, w an Ap weight, s>0, K>0,0<q< +oo, and 
u be a positive Borel measure on S". Then 

(3.12) ^s" \Jq \ r \J B{C,t) 





Before we obtain estimates of the iff (w)-norm of the weighted holomorphic po- 
tentials already introduced, we will give a characterization for weights satisfying a 
doubling condition 

Lemma 3.3. Let \ < p < +oo and w be an Ap weight on S"', and assume that 
w E Dr, for some r > 0. We then have: 
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(i) For any t G R satisfying that t > t — n, there exists C > such that 

Jr J B{(,x) ' J B{(,r) 

r < 1, C e S". 

(a) For any t G R satisfying that t > t — n, there exists C > such that 
(3.14) fx'fi w-^^'-A'~'-<Ct'(1 w-^p'-'^^''' 

Jo \J B{C,x) J X \J B{C,r) 

r < 1, C e S". 

Proof of Lemma 13. 3t 

We begin with the proof of part (i). Let t > t — n. Then 

^ r dx ^ r^'^"'' 1 / dx 



r ^ J B{(,x) ^ ■ >Q J2fcr ^ J B{C,x) ^ 



E 

fc>0 



k>0 k>0 

since w is in Dt-, and t + n > t. 

Next we show that (ii) holds. If C G S" and r > 0, the fact that w E Ap gives that 

i^BiCx)^'^''''^^)' - i^BiCx)^) ' and consequently, 



r 



E 

fc>0 



□ 

Remark: In fact, it can be proved that both conditions (i) and (ii) are in turn 
equivalent to the fact that the Ap weight is in Dr- 

We can now obtain the estimates on the weighted holomorphic potentials defined 
in flarroj) and fl3TT]) . 

Theorem 3.4. Let 1 < p < +oo, < a < n, w an Ap-weight. Assume that w is in 
Dj^ for some < r — sp < 1. We then have: 

(1) Ifl<p<2, there exists < A < 1 and C > such that for any finite positive 
Borel measure v on S" the following assertions hold: 
a) For any r/ G S", 



/wXf,A\\P 



limRe U:p\u){pv) > CWr/(^)(r]). 



(2) If p > 2, there exists < A < 1 and C > such that for any finite positive 
Borel measure v on S" the following assertions hold: 
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a) For any G S", 

limRe VZ\u){pr^) > CW-\iy){v). 

b) iivr»ir^.(.)<cc»- 

Proof of Theorem 13. 4t 

We will follow the scheme of |CohVel] where it is proved for the unweighted 
case. The weights introduce new technical difficulties that require a careful use of 
the hypothesis Ap and that we assume on the weight w. In order to make the 
proof easier to follow we sketch some of the arguments in |CohVel] , emphasizing the 
necessary changes we need to make in the weighted case. 

Let us prove (1). We choose A such that r — sp < A < 1 and define as in 13. 101 

Then r — s < Consequently there exists t such that r — s < t < . 

Observe that t + s — n>T — n and ^+^~^^p~^^ _ ^ > 7- _ 72. 

2-p 

We begin now the proof of a). The fact that A < 1 gives that if p < 1, r/ G S", and 
C > 0, 

" io JBir,,c(i-r)) V (1 " r)^-'" J |1 " rpvC\^ V/B(C,l-r) / ' 1 - r 

If C > has been chosen small enough, we have that for any ( G B{ri,C{l — t)), 
B{ri,C{l — r)) C B{(,1 — r). In addition, |1 — rf>r]C,\ ^ |1 — rp\. These estimates, 
together with the fact that w^^^ satisfies a doubling condition, give that the above 
integral is bounded from below by 

cfj («^)"^(/ --")-(C)T^ 

^0 J B(r),C{l-r)) \ U — rj i' J \l—rp\ \J B{7j,l-r) J i — r 

r ( v{B{r^,C{\-T)) V-' {\-Tf ( f _dr_ 
- Jo \ (1-r)— ^ J |l-rp|^UB(,,i-.) yi-^ 

where in last estimate we have used that since r < p, 1 — rp ^ 1 — r. 
We have proved then 

and letting p — 1, we obtain a). 

In order to obtain the norm estimate, lets us simply write U{z) = lAfp{i'){z), and 
prove that for > s. 
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But 



Jo Jo Js 



dp 

P 

(1-r) 



n—sp 



X 



1 1 - pr?7C|^+'= \J B(c,i-r) y 1 - r 1 - p 

where 

Observe that |W(0)|^' < C*! I^^l Consequently, in order to finish the proof of the 

theorem, we just need to show that 

(3.15) \\nu^)<cs-{^). 

Holder's inequality with exponent > 1 gives that 

(3.16) T{rj) < T^{nr-'T,{nf-P, 
where 



\ + s-t(p-l) ^ 



u{B{C 1 - r)) V (1 - r)^^ " f / .„-(p'-l)^" cia(C)cir 



and 

We begin estimating the function Ti. If C ^ B{t^ we have that B[C,, 1 — r) C 

B{t^ C(1 — r)), and since w^^^ satisfies a doubling condition, 
(3.17) 

T,(,) ^ Al - r)— / / f ( ^-(-'-)y" 

Jo Js" iB(r,C{l-'-)) |1 - '^^Cr V"' S(r,l-r-) / 1"'^ 

Next, we observe that if C £ B{t,C{1 — r)), |1 — rrjT\ ^ |1 — rr^CI- Hence, the above 
is bounded by 

dr 



1 — r 



Since 



JS" |l-r77T|* Jsr^ \J B(T,l-r) J J\\-rrff\<b(^^ 
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the above estimate, together with Fubini's theorem and the fact that t — n + s > r — n 
give that Ti{ri) is bounded by 

Jo JB{ri,5) \J B(t,5) J 



< I { i w 



\J B{ti,5) 



5 



where we have used the fact that if r e B{rj,6), then B{t,6) C B{rj,C5), for some 
C > and that w~^'p satisfies a doubhng condition. 

Applying Holder's inequality with exponent (^;3j)2 > 1, we deduce that 



(3.18) 



ITI 



LP{w) 

u{B{r^,5))d5\ \ / f V^'-^) 



S" \ ^0 \^ B{ri,l-r) J I I \J 

Theorem 13.21 with q = 1 gives that the first factor on the right is bounded by 

Next we deal with the integral involving T2. We recall that / = ^~^'^2-p~^^ — n > 
T — n. Fubini's theorem gives that 

Wu{BiC,l-r))Y\^ ,,[f -(r,'-i)Y f w{v)da{v) da{C)dr 



BiCA-r) J is" |1 - r?7C|'+" 1- 



r 



But, as before, since I > t — n, 



w{r])da{ri) ^ C ^ 



sn|l-rr7C|'+" - rY J B(CA-r) 
The above, together with Fubini's theorem gives that 



S" Jo JS" J B{ri,l-r) \ [.^ ~ ^) ^ J \J B{CA-r) J 1 — T 

But if C G B{ri, 1— r), B{(, 1— r) C B{ri, C(l— r)), for some C > 0, and in consequence 
the above is bounded by 
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The change of variables C(l — r) = y — 1 gives that we can estimate the previous 
expression by 

+ i/(S")P' (^j^ nj-^^ =1 + 11. 

Theorem 13.21 gives that // ^ C£^^(z/), and Theorem 13.21 with q = p' gives that 
/ < CS^pi^u). Consequently, /g„ T2W < CS^p{i'), and plugging this estimate in fl3.18p . 
we deduce that 

We now sketch the proof of part (2). We choose A > such that r — < A < 1, 
and define V^p^{v){z) as in (13. lip . Let us simplify the notation and just write V{z) = 
V^p^{i'){z). Let e G R such that T<e + n<X + sp. 

The proof of a) is analogous to the one in case 1 < p < 2. 

For the proof of b), let us consider k > s. It will be enough to prove the following: 



(3.19) 
IIVI 



HFf(w) 



|V(0)r + - pf-%1 + RfV{pQ\^^ 



'wiC)da{C)<C£:(u). 



Let us begin with the estimate |V(0)|p ^ ^!^p{^)- If P > 2, Holder's inequality with 
exponent -^p^ > 1, gives that 



\m\<\ /(i-^ru w-^^-^n di^ich — 1 X 

'0 Js" \J B{C,l-r) J i — 

The case p = 2 is proved similarly. Consequently, for any p > 2, 



iv(o)r ^ ^(s"r' < c'Cp(^), 



where the constant C may depend on w. 

Following with the estimate of I |V| l^^^p^pi^^^, we recall (for example see |CohVe2] . 
Proposition 1.4) that ifA;>0, 0<A<1, and 2; G 



in 

5 



s"(i-OV Vis"|i-<|V Js-\i-zC\ 



X+k 
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Plugging this estimate in (13.191) and using that p' — 2 < 0, we get 
[I + RfV{pv)\ 



p'-l 

d6dr 



XA+fc+l+(p'-2)A 1 — r' 



Assume first that p > 2. Fubini's theorem and Holder's inequality with exponent 
^j73Y > 1, gives that the above is bounded by 



^ \ p'-i 



l-p \Jl-r<5<3 JB{ti,5) \J B{C,l-r) 

1 X 2-p' 

dS. 



1 — r 



(3-20) , 

(X _ j-)(A+sp-n)(p'-l)-e(p'-l) \ 2^ 



l-r<(5<3 



^A+A:+l+(p'-2)A y 1 — r 



Next, Fubini's theorem and the fact that e > t — n give that 



1 



i-rYi ii w-^^'-^^y'-'dui() 

l-r<S J B{'q,5) \J B{C,l-r) 



1 — r 



1 



JB{ri,5) \J B{C,S) J 

We also have that since A + sp — n — £>0, f l3.20p is bounded by 



3 



(5(n-sp)(p'-l)+fc+l • 



For the case p = 2, we obtain the same estimate, applying directly condition (13.141) 
on (13:201) . 

Integrating with respect to p, and applying Fubini's theorem we get 



l\\-pf-%i + Rfv{pn)\^ 

Jo ^ ~ P 



'O \JB(-q,5) \J B{C,S) 



P 

1 X p'-l 



5(n-s){p'-l)+r 



since {n — sp){p' — 1) + s = (n — — 1). If r G -B(C, f^), and C £ -8(^7, 5), we have 
that T E B{r],CS). The fact that w~^^'~^'^ satisfies a doubling condition, gives that 
the last integral is bounded by 



5"-^ / Jbm 5 
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Applying Theorem 13.21 with exponent q = p' — 1, we finally obtain that 

/ ( [\l-pr-'\iI + R)'Vipv)\^Xwiv)daiv)^ [ Wr»(C)MC). □ 

We can now state the characterization of the weighted Carleson measures. 

Theorem 3.5. Let 1 < p < +oo, < n — sp < 1, w an Ap-weight, and /i a finite 
positive Borel measure on B". Assume that w is in for some < t — sp < 1. We 
then have that the following statements are equivalent: 

(i) \\KM)\\Lnd,)<C\\f\\L.M. 

(ii) WfWLPid^) < 

Proof of Theorem 13. 5t 

Let us show first that {i) =^ {ii). Theorem 12.131 gives that condition (ii) can be 
rewritten as 

\\Csi9)\\Lp(d,i) < C\\g\\LP{w)- 

This fact together with the estimate |Cs(/)| < CKs{\f\) finishes the proof of the 
implication. 

Assume now that (ii) holds. Since a measure /i on B" satisfies (i) if and only if (see 
IKE\f ) there exists C > such that for any open set G C S", yi{T{G)) < CC,'^(G), 
we will check that this estimate holds. Let G C S" be an open set, and let z/ be 
the extremal measure for Cfp{G). We then have that W^(i^) > 1 except on a set of 
C^-capacity zero, and /g„ Wfp{v)dv < CCfp{G). Let us check that the first estimate 
also holds for a.e. x E G (with respect to Lebesgue measure on S"). Indeed, if A C S"' 
satisfies that C^(A) = 0, and e > 0, let / > be a function such that Ks{f) > 1 on 
A and /g„ f^w < e. Since L^iw) C U'^{da), for some 1 < pi < p, (see Lemma EH]) 

we then have 1 1/| |LPi((io-) < C*| |/| [^.^(u;) < Ge^ . Thus Gsp^{A) = 0, and in particular 
\A\ = 0. 

Following with the proof of the implication consider the holomorphic function on 
B" defined by F{z) = Ufp^{v){z) if 1 < p < 2, F{z) = Vfp^{u){z), if p > 2 where A is 
as in Theorem 13. 4[ Theorem 13.41 and the fact that u is extremal give that 

\imReF{rO>GW:p{u){0>G, 

r— >1 

for a.e. x E G with respect to C^, and in consequence, for a.e. x E G with respect 
to Lebesgue measure on G. Hence, if P is the Poisson-Szego kernel 

\F{z)\ = |P[limF(r-)](^)| > |P[Re limF(r-)](;z)| > C, 

r— ►! r— >1 

for any z G T{G), and since we are assuming that (ii) holds, we obtain 

KTm< [ \F{z)fdf^{z)<G\\F\f^^^^^<G£Ziu)<GGl{G). □ 

We finish with an example which shows that, simmilarly to what happens if = 1, 
if If G -Dr and t — sp > 1, then the equivalence between (i) and (ii) in the previous 
theorem need not to be true. 
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Proposition 3.6. Let n > 1, p = 2, and r > 0, < s such that r > 1 + 2s. Assume 
also that n < t < n + 1. Then there exists w & A2r\ D^- and a positive Borel measure 
fi on S" such that fi is a Carleson measure for H'^{w), but it is not Carleson for 
Ks[L\w)]. 

Proof of Proposition 13. 6t 

li e = T — n, and ( = {(', (n) ^ S", we consider the weight on S" defined by 
w{() = (1 — IC'P)^- A calculation gives that w{z) = (1 — \z\'^Y G A2 if and only if 
—1 < £ < 1, which is our case. We also have that if C G S", i? > and j > 0, then 
W{B{C,2m)) ~ 2^^W{B{C,R)), i.e. w G Dr. 

Next, any function in H'^{w) can be written as /„„ ,-.JtL~s dciC), f G L?'{w). It 
is then immediate to check that the restriction to 5""^ of any such function can be 
written as 

.(C)(i-lCf)-i, , 

with g G L'^{dv). This last space coincides (see for instance |Pej ) with the Besov 

space 52_i_,(B"-i) = i^^^^^, (B"-i). 
■^22 * 2 2 

Next, 72— 1 — (s — i — |)2 = r — 2s > 1, and Proposition 3.1 in |CaOr2] gives that 

there exists a positive Borel measure /i on B" which is Carleson for (S"~^), 

''22 

but it fails to be Carleson for the space Kg_i_e[L'^{d(7)]. Thus the operator 

Js"-i |1 — zQ 2 2) 

is not bounded from L'^{da) to L'^{dfi). Duality gives that the operator 

is also not bounded from L'^{dfi) to L'^{da). But if (7 > 0, (7 G L'^{dfi), Fubini's 
theorem gives 

- _ f If 9i^) ^d^A^daiC) 



n — l / ftn—1 



|1 - 2C|"-l-(^-2-f) |1 - 

9{z)9{w) 



-djj,{z)djj{w) 



where the last estimate holds since n — l — 2(s — | — |) = r — 2s > 0. Consequently, 
we have that for the measure /x, it does not hold that for any g G L'^{dfi) 

(3.21) / / 1^ ^^!jfi.l_.) ^/^(^)^/^(^) < C\\9\\lH,,). 
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We next check that the failure of being a Carleson measure for Ks[L'^{wy\ can be 
also rewritten in the same terms. An argument similar to the previous one, gives that 
/X is not Carleson for Ks[LP'{w)] if and only if the operator 

is not bounded from L'^{wdv) to L'^{dfi). Equivalently, writing f{z) = h{z){l — \z\'^)^, 
this last assertion holds if and only if the operator 





z\ 






1 - yz 


1 n 


— s 



f ^ / — ; ; dviz 



is not bounded from L'^{dv) to L'^{d^). But an argument as before, using duality and 
Fubini's theorem, gives that the fact that of the unboundedness of the operator can 
be rewritten in terms of fl3.2ip . □ 
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